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Abstract. We show the optimaUty of a result proved by Koksma in 1953, on the 
convergence almost everywhere of averages of dilated functions on the circle. 



1. Introduction- Result 

Throughout this Note, let T = M/Z ~ [0, 1[ denotes the circle endowed with the 
normalized Lebesgue measure A and = U'{\). Let also e(x) = exp(2i7rx), e„(a;) = 
e{nx), n £ 1. 

In 1953, Koksma published in [4] the following result. 
Theorem 1.1. Let g G , g ^ '^kez'^k^k be such that 
(1.1) ^|afc|V_i(fc) <oo, 

k=l 

where (T_i(fc) — X]d|fc 1- Then for almost all x, 

1 



-J29ikx) ^ / g{t)dt, 

^ k=l 







as n tends to infinity. 



This theorem is quite sharp. It improves a previous result in [3], where Koksma 
established the sufficiency of the coefficient condition 

(1.2) ^|afcp(loglogA:)3 <oo. 

k=l 

The function (T_i(a;) is multiplicative (cr_i(TO7i) = a-i{m)a^i(n) if m, n are coprime), 
and by Gronwall's estimate ([2] p. 119-122), 

(1.3) linisup-^4^=e\ 

x^oo log log a; 

where A is Euler's constant. Thus condition (1.2) is stronger than condition (1.1). 

Bourgain already mentionned in his famous paper [1], concerning condition (1.2), 
that "... A detailed analysis of previous construction shows that Koksma double log- 
arithmic condition is essentially best possible^ See Remark p. 89. The construction 
given by Bourgain is one of the several striking examples of application of the entropy 
criteria he demonstrated in the same paper. 

Let s{n) be a nonnegative function of a natural argument. We say that s is sub- 
multiplicative if 

(1.4) s{nm) < s{n)s{m), yn,m > 1. 
As 

--i(n)=n(i+^+...-i-), n=npr% 

1 Pi Pi 1 
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it is obvious that cr_i is sub multiplicative. 
We also say that s is bounded in mean if 

1 ^ 

(1.5) limsup — < 00. 



J— >oo J ■ 1 

By Wintner's theorem ([6], p. 180) we have 

-.J oo ^ 

(1.6) A-7E--o-) = E^- 

i=i d=i 

Thus the function C7_i is bounded in mean, whereas the double logarithm function is 
not. 

This difference will permit to put Bourgain's remark under a more precise form. Let 

w = {wn,n G Z} be a sequence of positive reals. Let be the associated Sobolev 
space on the circle, namely the subspace of consisting with functions / such that 

\\f\\l-=Y.'^^"'n(f)<'^- 

This is an Hilbert space with scalar product defined by {f,g) = X^„gzW„a„(/)a„(gf), 

Theorem 1.2. Let w{n) he a nonnegative function of a natural argument, which is 

submultiplicative and bounded in mean. Assume that 

w{n) = o(loglogn). 

Then there exists a function f £ L"^ such that the sequence of averages ^ Xlfe=i fi.^^)) 
n = 1, 2, . . . fail to converge almost everywhere. 

2. Proof 

The proof is based on an adaptation to the Sobolev space L'^ of the method elab- 
orated by Bourgain in [1]. Let /(x) = X^fez*^^^^' ao — and consider the dilation 
operators Tjf{x) = f{jx). These are positive isometrics on L^, p > 1, such that 
Tj l = 1 for all j, and for all / e 



-j^T.f^ffdX, J 



00, 



To / e Z/^ we associate 

^ i<j<j 

where gi,g2,. . ■ are i.i.d. standard Gaussian random variables. 

Proposition 2.1. Let Sn ■ L^ — >• L^, n = 1, 2, . . . be continuous operators commuting 
with Tj on L'^, SnTj — TjSn for all n and j. Assume that the following property is 
fulfilled: 

Af sup|5„(/)| <oo| = l, yfeLl, 

n>l ' 

then there exists a constant C depending on {Sn,n>l} only, such that 



supcJlog7V/(e) < Climsup (E \\Fjj\Uf'\ \lf e i^, 

where Nf[e) is the entropy number associated with the set Cf = {Snf,n > 1}, namely 
the minimal number of L"^ open balls of radius e, centered in Cf and enough to cover 
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Proof. By the Banach principle, there exists a non-increasing function C : M+ — )• IR+ 
such that 

V£ > 0,V5 e Ll{T), a| sup \Sn{g)\ > ||fflUC(e)| < e. 
Let < £ < 1/4. Let / G L^(T). Taking g = Fjj and using Fubini's theorem, gives 
/ P| sup \Sn{Fjj)\ > C{e)\\Fjj\\J dX 

Jf ^ n>l 

It follows that 
A 



< e. 



x€T:^L: sup \Sn{Fjj{u:, .)){x) |> C{e)\\Fjj{u:, .)IU| >^\<^, 

^ n>l J 

which is better rewritten under the following form 
A ja; e T : P{w : sup |< C{e)\\Fjj{uj, .)IU} > 1 - > 1 - 

By Tchebycheff's inequality, P|||-Fj,/||S, > ^ H-Fj./Hye} < £• We deduce that the set 
X,,jj = {a; e T : Pju; : sup < C(5)(E ||Fj,/||ye)'/n > 1 - 2^^} 

n>l J 

has measure greater than 1 — ^/e. The classical estimate of Gaussian semi-norms implies 
^x&X,^jj, E sup|5„(F,,/(a;,))(a;)| < ^—i^ ^(e )'^'. 

Now let 7 be a finite set of integers such that \\Sn{f) — Sm{f)\\2 ^ 0, for all distinct 
elements m,n G I. By the commutation property, Sn{Fjj) = Fj^Snf'^ so that 



E I 5„ {Fjj) - Sm {FjJ | ' = E | i^J,5„/-S„/ \^ = 'jY^^T, {Snf " S^f)) 

= ^Y.^j{Snf - Smff ^ \\Snf-Smf\\l 



in Li^ as J tends to infinity. We have used the fact that {Tjf Y = Tjp, if / G L^. By 
proceeding by extraction, we can find a partial index J such that the set 

Atn Jw/.-rw ^ {E\Sn{Fjj) - SUFjj)\^f' ^ ^ 1 

Ail) = ^yjej,yn,mel,m^n, \\SM) - SMh " ^1' 

has measure greater that 1 — ^/e. 

Let J e J, then A(A(7) n Xs,jj) > 1 - 2y/e > 0, and for any x e A{I) n X^^jj 

C(£)(e||Fj,/||^)'^' > E sup \Sn{Fjj){x)\ > E sup 5„(Fj,/)(2:) > 

^ ^ n>l nel 

VT^ E sup Z{Sn{f)) > (1 - 2^/i) E supZ(5„(/)). 

nel nel 

Therefore, 

E supZ(5„(/)) < c(limsupE||Fjj||2)'^'. 

nel ^ J—^oo ' 

Sudakov's minoration implies 

suppJlogiV/(p) < c(limsupE||Fj,/||2)'^'. 

□ 
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Wc pass to the proof of the theorem. Let Pi, P2, . . . denote the sequence of prime 
numbers. Fix some positive integer s and let d be some other integer such that 2'^ < Pg. 
There exists an integer T such that if 

AT = {n = 1 . . . : 2^ < n < 2^'+\ a, > 0, i=l,...,s}, 

then i{AT+d) < 2I{At). Put 



It follows from Bourgain's proof [1] p. 88-89, (or [5] p. 239-240 for details) that 



N{{SM,i<[l]),^)>T. 
(2.1) V^^<c(limsupE\\Fjj\\l) 

\ .7_s.ro / 



So that 

J^oo 

Now as 



we have 



i<i<.j 



These sums are finite sums. Further, 

1 °° 1 



j#(At)^ ''v ^ y j#(At) 

^ ^ i/=l i<j<J ^ j<JmeAT 



W. 



mj 



< (— Wj max t«„ 



Therefore, 



limsupE < flimsup \ "S^ Wj\ max Wjn < M max w^, 

3<J 



where M < 00 and further 



max Wm = o( max log log m) = o(logT), 

meAT ^meAT 



by assumption. Consequently 



(2.2) limsup (E||Fjj,|U)'/' = o{^/hiT). 

J— )-oo 

But this contradicts (2.1). The theorem is thus proved. 
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